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The amplitude equation for thermal convective nematic liquid crystals is derived from
the equations of motion. The appearance of various patterns (normal rolls, undulations,
zigzags, etc.) in different parameter regimes is described in a unified manner. The
effect of a horizontal magnetic field is included and the corresponding phase diffusion
equation is given.

Keywords: liquid crystal, pattern formation, amplitude equation, thermal
convection, Rayleigh-Benard, zigzag

Il. INTRODUCTION

For simple liquids undergoing thermal convections, the Rayleigh-
Benard and other instabilities are well studied, especially by the use
of amplitude equations*? and diffusion equations.® The resulting the-
oretical “phase diagram” compares reasonably well with the exper-
iments.

tPresented at the 11th International Liquid Crystal Conference, Berkeley, June 30~
July 4, 1986.

tAlso at Institute of Physics, Chinese Academy of Sciences, Beijing, China.
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On the other hand, anisotropic liquids (such as liquid crystals) are
much more complicated and are less studied as nonlinear instabilities
are concerned. For nematics, linear stability analysis of the first threshold
(of parallel rolls) has been carried out* and is understood. Yet, the
study of nonlinear instabilities is still in its early stage.>® Recently,
new experiments in thermal convective nematics (including those with
a vertical magnetic field” or a horizontal magnetic field®) are reported.
To understand these experimental results detailed theoretical treat-
ment of the nonlinear terms is needed.

In this paper we start from the nonlinear equations of motion of
nematics under thermal gradient and in the presence of a magnetic
field and derive the corresponding amplitude equation using multiple
scales analysis' (see Sec. II). The diffusion equation of phase de-
scribing transverse undulations and longitudinal perturbations is ob-
tained in Sec. III. Various patterns are then given. The interesting
result is that our amplitude equation has the same form as that in
the simple (isotropic) liquid case. The important difference is that
the four coefficients in our case can be changed (to zero or in sign
depending on the material parameters and the magnetic field) while
in the simple liquid case they are fixed (see Sec. IV). Consequently,
a rich variety of physical results are possible in liquid crystals. Sec.
V concludes the paper.

. THE AMPLITUDE EQUATION

A. Basic equations of motion

A planar nematic liquid crystal cell of thickness d is under a thermal
gradient with the two plates maintained at different temperatures
(Figure 1). Let the temperature distributionbe T = T, — Bz + u(x,
v, z, t) where B is a constant, T, — Bz is the external temperature
field and u(x, y, z, ) is the perturbation due to the motion of the
liquid crystal molecules. In the presence of an external magnetic field
H = (H,, H, H,) the equations of motion of the nematic is given
by®

Vev=20

_ X <
paviot + p(v-V)v = pgau + V-7 @2.1)

r.+1r,. =9

T/t + (v-V)T = K, V2T + K, V:[n(n-VT)]
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FIGURE 1 The planar liquid crystal cell. Molecules are along x axis at the two
surfaces at z = *d/2.

where K, is the anisotropy of thermal conductivity and x, the ani-
sotropy of magnetic susceptibility, with

ty= —pd; — (F/onn,; + t;

H

€«>,

«> <>
' = a;nn(n-A-n) + anN + osNm + oA

<> >
+ asn(nA) + o5 (n-A)n

L 1
Ay = E(Vi,j + V,;,-)’ N =dn/dt — E(VXV)X"
1 1 .
F = Ekni./ni,j - Exa (n,»Hi) 7fi.j = aﬁ,/axj’
<
Fe = —n X (SF/SD), Fv =n X ('YIN + v, All)
K, =K — K,

Here, v = (v,, v,, v,) is the velocity of the center of mass of the
molecule, n = (n,, n,, n,) the director, p the density, g the accel-
eration due to gravity, « the bulk thermal expansion coefficient, p
the pressure, k the Frank elastic constant (one-constant approxi-
mation is assumed).
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B. Physical approximations

Let n,=cosdcosd, n, = sind, n, = sindcosd (see Figure 2) where

b = &(x, y, z, 1), & =3d(x,y, 2z, 1) (2.2)
In other words, & is the deviation angle of n with respect to the
(x, z) plane; ¢ is the angle between the x axis and the projection of
n on the (x, 2) plane.
For simplicity, we assume ¢, & << 1 (see Sec. V) and take
sind = ¢, cosd = 1, sind = J, cosd = 1 (2.3)
Using (2.2) and {2.3), (2.1) becomes
Vix + vy.y + Vz,z =0
AKu + KaBd)’x - sz = N2

A0 tazv,, t oy, =N,

- Ad)d) + a3 Vyz + a, Vox = N4

1 1
—P.x + a3d)’lz + 0‘38’Iy + Alvx + Ea:’-lﬁvy,v\'r + 5‘1245‘/:.,\': = NS (24)

1 1
_p.y + aZBle + 5‘1245 vx.Xy + AZ vy + EOL4 Vz.yz = N6

+ Ay, =N,

1 1
—p.tpgou + a2¢’xt + §a245Vx,xz + 04V 2

2
where

0 92 42 9°
AKEE)—I— (K‘\E,Y—Z+Klé}—2+Kla—zv_2>

d
Ad) = ASE _’Ylg—f— kA + X(IHE

_ & 1 & 1 9?
A= 0‘456@ + 5(134652 + 5&3466—22
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FIGURE 2 Definitions of ¢ and & of the director n.

A, = %a245a—a);2 + ()L‘;a—ai2 + %a4aa—; (2.5)
Ay = 10545(}_2 "'10‘46}‘2 + 0‘48_2
2 ax? 2 T ay? 922
Oy, . = o + oy ooy + oL
Ofjge - » = —o; T oy + ooy + oL

For simplicity, in (2.4) and (2.5) we have assumed H = (H,, O, O)
and «; = O. The latter is justified in many nematic materials (e.g.
MBBA) in which «, is usually quite small. In (2.4) the expressions
for N; (i = 2 — 7) (and many other quantities below) are quite
complicated and too lengthy to be reproduced here (which are avail-
able from the authors upon request). For our purposes here it is
sufficient to note that N; = N, (v, v, v., &, 8, u, p).
The boundary conditions for (2.4) are®

vo=v,=3=¢=0atz= xd2

X

v,/0z = adbldz = ouldz = Oatz = =d/f2 (2.6)
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in which the free-free boundary condition is adopted.

Note that (2.4) is reduced to the linear equations*!" if we let the
nonlinear terms N; = 0 and & = 0. The nonlinear case of 8 = (0 and
H = 0 has been discussed in Ref. 5.

C. The Single equation of v,

Eq. (2.4) is the simultaneous equation of seven independent variables
(Ve, vy, v, 8, &, u, p) = f. By simple algebra one can obtain a single
equation with only v, in the linear part,

Lv, =N 2.7)
wherell

9
ox
N = A; Nis — ANy = N(f)

L =—(A:8; — Aghy)

2.8)

Note that the material anisotropy shows up in the anisotropy of
the viscosities («;), the thermal conductivities (K, K, ), the magnetic
susceptibility (x,) (whereas the elastic anisotropy has been approxi-
mated to be zero already in (2.1)). Therefore, in (2.7), if one lets
o, =ay=as =dag =0,%a, =v,K, =0,x, = 0(equivalent to
H = 0 here) one should get back the case of isotropic simple liquid.'
Indeed, (2.7) is found to be reduced to

d d
L, [—pgopV: + ((9_t - kA) (pgj - VA>A:'VZ

(2.9)
- L, [—pgaV%(v-VT) + (a% - kA) (VX Vx (va)-é)]

where

82 2
L, kzai [A2 (m - pg—t)] v, = (8—2 T aﬁ’z)
. N 210

0% & 02
ox?  9y*  oz?

When the operator L, is removed (2.9) is exactly the Eq. (2.10) of
Ref. 1.
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D. The amplitude equation

Following Ref. 1 we let B = B,+€?B, and introduce the slow variables

X=ex, Y =€y, T=¢€re<<1 (2.11)

(Here T is time and not temperature.) In (2.4) use

)

dy  dy Y

0 d 0

—_ — + 2 .
ot o € AT (2.12)

and expand the variables in a series,
f=¢€fW + SO + f@ + | | (2.13)

Substituting (2.11)—(2.13) into (2.4) one can solve for f(1), f32) {2
G2 etc. In particular, f corresponds to the linear case and pos-
sesses the solution,

I

v = AC_, v = 0,v(D = S,, ¢ = CS_, 3 = 0,

pY =DC,, u? = BS, 214

C. = [W(X, Y, T)e™ = c.c.)]cos %z

w
—Z

S. = [W(X, Y, T)e" £ c.c.)]sin p

(2.15)
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and

_m

= aq
B=p [k(q? + wHd?) + x,H?] — K, (—asw?d? + a,q?)

7 (Kg?+ K wd?) [k(q? + wld?) + x.H?)

Ce —i a,q* — ayw?/d?

~ k(g2 wld?) + x g

1 1 39 43,2

D=- 5“34556'"/‘1 - 50‘3467"‘/(‘1"] ) (2.16)

fé2, f@ and ' can also be solved. In particular,

v =y = y@ = () (2.17)

By (2.13) the lowest order of N® in (2.7} is i = 2, i.e., NV = N©?
= 0. Putting (2.12) and (2.13) into (2.7) we have for the first order,

LOYD =0 (2.18)
and for the third order,

L@yD + [Oy3) = N (2.19)
Multiplying both sides of (2.19) from the left by v{" we have
(IOL@yMy + (y) [Oy3)y = (VIONG) (2.20)

where

feg) = J': dx jiﬁz/z dzf*g (2.21)

From the definition of L®, (2.18) and the boundary condition (2.6)
and using partial differentiation we have

(VOOLOYRY = (vALOyD) = 0 (2.22)
Eq. (2.20) becomes

(YL@pDY = (VIHNGY) (2.23)
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From (2.13) it can be easily seen that among the variables contained
in N® the highest order is f@. Hence, in (2.23) there is no f® terms.
In particular, there is no v{¥ (and no f©¢/?).

Putting (2.14)—(2.17) and the other solutions of f&2 and f@ into
(2.23) we obtain the amplitude equation.

oW 2w *PW "W

Rap t g Tk e e o = (ks + meWWHW

(2.24)

Here, p, (i = 1 — 6) are coefficients depending on the material
parameters and H (as well as gq).

(When the anisotropy parts in p,; are put to zero (2.24) reduces to
the case of simple isotropic liquid and indeed becomes identical to
Eq. (2.19) of Ref. 1.)

When (2.24) is divided by a common nonzero constant and T, X,
Y, and W are rescaled and redefined five of the six coefficients in
(2.24) can be made to have absolute magnitude of unity. In other
words, (2.24) can be renormalized to be

oW FwW . PW a*w

— — g —

+ + o
oT ~ “ax2 T Moaxayr T € oye

= (1-bWWHW (2.25)

The reasoning goes something like this. Without loss of generality
one can assume ., > 0. (If not, one can always multiply both sides
of (2.24) by —1 to make p, > 0.) For B > B, (=By), ps > 0.° We

then let
s

(2.26)
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By redefining X one can always make p = (. Putting (2.26) into
(2.24) it then becomes clear that a, b, ¢ can assume the values +1,
—1 and 0 only.

The simple liquid case correspondstoa = b = ¢ = land p = 2.
In this case the three spatial gradient terms can be combined to be

Eq. (2.25) has a steady solution which is independent of Y,

Wy = [(1—aQ2)/b]%exp(iQX) (2.27)

li. THE PHASE DIFFUSION EQUATION
Let us consider a perturbed solution of (2.25) of the form?

W = W,(1+uexp(id) 3.1
(Here, u and ¢ are new variables not the same as in previous Sec-
tions.) Putting (2.27) into (3.1) and then (2.25), separating the real

and imaginary parts and ignoring nonlinear terms in « and ¢ one
obtains

ou &u °u ad b
—_— — 2 -
o7 Yaxz T PQapr T 20 T ke
NI 2u(l —aQ? =0 (3.2)
D% B :
b Pd b 200
oT ~ “oxz T Mgy X

ou o
+ p,aXaYz + CaY“ =0 (3.3)

Let u ~ exp(iK, X +iK,Y). In the long-wavelength limit, K,, K,
— 0, and assuming that the magnitude of W relaxes faster than the
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phase we then drop 6u/3T and the drivatives of 4 and (3.2) becomes

b &
ax ~ Faxar:

240 +2u(1-aQ? = 0 (3.4)

Putting (3.4) into (3.3) and eliminating « we have

0 _a(l-3a0%) &9 = P& oo
oT ~  1-a0? ax: @ Mioay2 “ay4

(3.5)
which is the phase diffusion equation.

Note that (3.5) is independent of b. Whena = 1,5 = ¢, p = 2
(3.5) reduces to Eq. (32) of Ref. 2 (with B, = 0 there), the result
of simple liquids. Also, when @ = 1 (3.5) has one more term (the
last term on the rhs) than the usual phase diffusion equation (such
as that in Ref. 2).

IV. STABILITY ANALYSIS

Let & ~exp(AT)exp(iK;X + iKY) and putitinto (3.5). The stability
condition is given by

a(1-3a0?)

A= —
1-aQ?

K2 — pOK? — cKi*<0  (4.1)

Let us consider two special cases.
A. When K| — 0, the condition of Eckhaus instability is

0* > 1/3a (4.2)

B. K, — 0. The condition corresponding to transverse (undulation)
instability is

Q< —p 'K (4.3)

(Note that in Ref. 3, for example, the cK 4 term in (4.1) is ignored
in low-order calculations.)

By (2.24) and (2.26) we know that a, b, ¢ and p. depend not only
on the material parameters but also on the magnetic field. Conse-
quently, by varying the magnetic field one can make the above coef-
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ficients change their values resulting in the change of stability con-
ditions. The following are some interesting special cases.

1. When a = b = ¢ = 1 and the magnetic field is varied, as long
as a and ¢ do not change (i.e. keeping a = b = ¢ = 1) the Eckhaus
instability condition (4.2) does not change. However, if 4 or ¢ sud-
denly changes to zero when H (the magnetic field) is varied then the
Eckhaus instability will disappear suddenly.

2. When p # 0 (n > 0) and H is continuously varied p will also
be changed. The instability region given by (4.3) will change accord-
ingly. When w approaches zero this instability region will vanish
resulting in the disappearance of transverse instabilities.

3. When b > 0 one has direct bifurcation; for b > 0, indirect
bifurcation (see, e.g., Ref. 5). Therefore, if b changes sign during
the variation of H one will observe the sudden change of the bifur-
cation type (a “tricritical point™).

It should be pointed out that the dependence of w on H is in the
following form:

w = (a, + bH> + ¢,H/|(a, + bH?
+ HY) (a5 + bsH? + o HY)|?  (4.4)

where a;, b; and ¢; (i = 1,2,3) depend on the material parameters.
Obviously,

B~ c/flees)t? for H>> 1 (4.5)
and

B~ ai/ja,as|? for H << 1 (4.6)

Denoting a; = a; + a4, i = 1,2,3, where a; (a,,) is the isotropic
(anisotropic) part, it is obvious that one should have

aylas as|~'? = 2 (4.7)

V. CONCLUSION

We have presented our preliminary results of a theoretical investi-
gation of thermal convective instabilities in an anisotropic liquid—
nematic liquid crystal. It is in the planar configuration under a hor-
izontal parallel magnetic field. At and beyond the parallel-roll thresh-
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old B, the amplitude equation is derived. This amplitude equation
has similar form to that in the isotropic liquid case except that the
four coefficients a, b, ¢ and w may assume different values (a, b, ¢
= =1, 0, p = 0) when the material parameters and the magnetic
field are varied. Since the solution of the amplitude equation or the
phase diffusion equation as well as the stability conditions and bi-
furcation types are related to the parameter regimes of a, b, ¢ and
i one can expect to observe the change of stability regions and bi-
fucation types when different nematics are used, or for a given ne-
matic when the magnetic field is varied.

In this work, the vertical vorticity> has not been included. We
cannot discuss skewed varicose (but normal rolls, undulation and
zigzag are included). The approximation (2.3) has to be improved
but it is not expected to change the form of the amplitude equation
(2.5) except for the expressions of the coefficients. More detailed
discussions, improvements and numerical results as well as compar-
ision with experiments will be presented elsewhere.!!

Note added in proof: In the electroconvective case amplitude equation
similar to our Eq. {2.24) is obtained in Ref. 12. See also Ref. 13. We
thank Dr. L. Kramer for calling our attention to Refs. 12 and 13 and
valuable correspondence.
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